In a homogeneous and isotropic universe with non-zero spatial curvature we consider the effects of gravitational particle production in the dynamics of the universe. We show that the dynamics of the universe in such a background is characterized by a single nonlinear differential equation which is significantly dependent on the rate of particle creation and whose solutions can be dominated by the curvature effects at early times. For different particle creation rates we apply the singularity test in order to find the analytic solutions of the background dynamics. We describe the behavior of the cosmological solutions for both open and closed universes. We also show how the effects of curvature can be produced by the presence of a second perfect fluid with an appropriate equation of state. By combining that results with the analysis of the critical points we find that our consideration can be related with the pre-inflationary era. Specifically we find that for negative spatial curvature small changes of the Milne spacetime leads to a de Sitter universe.
INTRODUCTION
In this work we investigate the effects of particle production on the early stages and later evolution of cosmological models with non-zero spatial curvature. Unlike in standard perfect fluid cosmologies without particle production or viscous effects, the curvature terms dominate at very early times.
Cosmological particle production has been intensively examined as part of the universe's early evolution. The first investigations focussed on the potentially isotropizing effects of created particles in anisotropic universes [1] , although they ran the risk of overproducing entropy [2] . Grishchuk [3] provided a classical counterpart to quantum production that produced amplification of gravitational waves when the expansion dynamics deviated from those of radiation-domination. Later, many investigations showed how particle production by a time-varying gravitational field in an early inflationary era of accelerated expansion could generate observable effects in the form of scalar and tensor perturbation modes. A period of late-time accelerated expansion might also be described in such a framework, see for example refs. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . This particle production mechanism offers an alternative way to view the early accelerating phase [18] [19] [20] [21] [22] and it has also been noticed that it allows for a universe which experiences two de Sitter phases (at early and late times) with an intermediate period of radiation and matter dominated phases [8, 17] . Moreover, gravitational particle production may have some impact on the structure formation in our universe [23] . Originally, research in this direction was motivated by the macroscopic particle production at the expense of gravitational field in a background of a non-equilibrium thermodynamics which naturally incorporates a negative back-reaction term in the Einstein's field equations [24] and hence, without any presumption of a dark energy component or modifications to gravity, an accelerating universe can be realized. Just as the equation of state for any dark energy fluid, or the particular forms for any modification of general relativity play a key role in determining different cosmic phases, so with particle production the dominant role is played by the rate of particle production, Γ [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [19] [20] [21] [22] .
In what follows we investigate the cosmological solutions with 'adiabatic' particle production in the presence of spatial curvature (or an equivalent 'fluid'). However, it is well known that non-zero curvature effects must be very small today to be in agreement with some observational data [25, 26] . This approximate spatial flatness of the latetime universe is a prediction of most inflationary cosmologies [27] [28] [29] [30] [31] . It corresponds to Ω ≡ ρ/ρ c = 1 ± δ, where ρ is the total energy density of the universe and ρ c denotes the energy density for the flat universe, and δ is at least as large as the magnitude of any density perturbations created over large scales by inflation. Now, in any cosmological model that seeks to describe the evolution from an early inflationary era to the current accelerating state, it might leave a small deviation from spatial flatness after the inflationary phase. In particular, predictions of non-zero mean curvature, which are less than or equal to the level of the curvature fluctuations (Ω k 10 −5 ) have little meaning. On the other hand, it is quite interesting to mention that the inflation is also possible with Ω > 1 [32] , or Ω < 1 [33] [34] [35] [36] [37] [38] . The observational consequences of the curved inflationary models have been investigated recently, [26, 39, 40] , with a conclusion that such models may be compatible with the observational data. In particular, in [41] , it was shown that inflation is immune to negative curvature while the energy density which corresponds to the curvature can be nonzero in the pre-inflationary era [42, 43] . So, in principle, it is possible to construct homogeneous and isotropic open or closed inflationary scenarios that would lead to a spatially flat universe at present time. Future observations may narrow these possibilities further. Thus, in the present work we include spatial curvature to study the theory of particle production.
In this work we take the particle production rates to be free parameters and start from the simplest possibility, of a constant creation rate, and then progress to a very generalized functional form. This is motivated by the discovery that the presence of spatial curvature can dominate the dynamics near the singularity in analogous bulk viscous cosmology [44] : this is the opposite to the situation without bulk viscosity or particle creation present. We focus mainly on the exact analytic solutions of the Einstein's field equations by applying the method of singularity analysis to the differential equations as we did recently in modified gravity theories [45, 46] . We find that the gravitational equations for two specific models of matter creation pass the singularity test, which means that the solution can be written as a Laurent series around the movable singularity. We discuss the possible evolution of open and closed universes driven by gravitational particle production.
The plan of the paper is as follows. In Section 2 we define our cosmological model with matter creation terms. In order to investigate the existence of analytical solutions, we apply the method of movable singularities to the differential equations for two models. For arbitrary matter creation rate, we find that the scale factor a (t) ≃ t satisfies the field equations. In Section 3 we study the existence of de Sitter points for the field equations by performing a dynamical analysis of the critical points. In Section 4 we give the exact solution for a constant matter creation rate, while in Section 5 we study the time-varying particle creation functions Γ A ∝ 1/H and Γ B ∝ H 2 . The stability properties of the special solution a (t) ≃ t are also studied. In Section 6, we consider a general time-varying particle production rate and we present the corresponding cosmological solutions at the small and large time limits. Further, in section 7, we have briefly outlined how the effect of a non zero curvature in the cosmology of matter creation is recovered when a second perfect fluid is introduced as an alternative to the curvature fluid. Finally, in Section 8 we discuss our results and draw conclusions.
BASIC MODEL OF COSMOLOGICAL PARTICLE PRODUCTION
We assume that the geometry of our universe is described by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric
where a(t) is the expansion scale factor, and k is the curvature scalar which describes a flat, open or closed universe for k = 0, −1, +1, respectively. In such a metric, the Einstein's field equations for a fluid endowed with particle creation can be written asȧ
where an overdot represents one time cosmic time differentiation; ρ, p, are respectively the energy density and the thermodynamic pressure of the matter content; and p c denotes the creation pressure which is related to the gravitationally induced 'adiabatic' particle production by [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] 
where H =ȧ/a is the Hubble rate of the FLRW universe, and Γ(t) is some unknown creation rate. In principle, the exact functional form of Γ can be determined from the quantum field theory in curved spacetimes. However, to close the system of equations (2) and (3), we assume the fluid component obeys a perfect fluid equation of state p = (γ −1)ρ, where γ is a constant lying in (0, 2). So, γ = 4/3, i.e. p = ρ 3 , denotes a radiation-like fluid; γ = 1, equivalently, p = 0, is a pressureless dark matter-like fluid; and γ = 0, describes a cosmological constant-like term, i.e. p = −ρ. Now, the question arises what kind of particles are being created by the gravitational field. Until now we do not have any exact explanation on the created particles. Therefore, we have assumed that the created particles are simply the perfect fluid particles but with unknown nature. However, there are some arguments in the current literature following the local gravity constraints [47] [48] [49] which claim that the production of baryonic particles at present universe are much limited, and the radiation has practically no impact on the current dynamics of the universe. On the other hand, during very early evolution of the universe, when the universe was dominated by hot radiation, according to Parker's theorem, the production of massless particles or photon or radiation is strongly suppressed [50] , that means the creation rate is almost zero but not equal to zero, at least from theoretical grounds. Thus, based on these consequences, just for simplicity one often argues that the produced particles are the dark matter particles. Nevertheless, we would like to remark that one can introduce the basic thermodynamic variables into the equation of state of the fluid, for instance the temperature, T and the number density, n of the particles as p = p(n, T ), and ρ = ρ(n, T ) [51] . Specifically, an ideal gas type equation of state of the fluid given by (ρ, p) = (mn + γnT , nT ) where m is the mass of each particle, and γ is a constant. However, we must be cautious. The equation of state of matter in the universe at temperatures approaching the Planck scale is difficult to assess because the rate of asymptotically-free interactions is slower than the Hubble expansion rate when T > 10 15 GeV . There is no equilibrium, or 'temperature', in the usual sense because of this. As the Planck scale is approached the statistical basis of statistical mechanics is questionable because of the small number of particles inside the particle horizon (unless a = t). Moreover, the ideal gas approximation may fail. Typically, it requires the mean free path between interactions to exceed the interparticle spacing in the early universe; aside from at phase transitions, this requires the product of the number of effectively relativistic spin states, g * , and the dimensionless interaction strength α(T ) to satisfy g 1/3 * α 10, and this can easily fail at energies well below the Planck energy of 10 19 GeV . Therefore, we consider a wide range of effective behaviours and look for features that do not depend sensitively on our choice of the effective thermodynamic parameters. With regard to the equation of state parameter for the perfect fluid, we assume that p = (γ − 1) ρ with γ constant. Indeed, the equation of state parameter of the perfect gas is the simplest that can be chosen but it is merely an ansatz since the effective equation of state parameter of the very early universe is unknown. However, the particle creation term provides an effective pressure term which modifies the equation of state parameter away from a perfect fluid. In an isotropic universe we know that a bulk viscosity is the only form of non-equilibrium behaviour allowed and eq. (4) is a particular expression of it. It reflects the response of the cosmological fluid to being pulled out of equilibrium by the expansion of the universe and is the classical model of quantum particle production. Now, for the perfect fluid equation of state with the production term (4), the essential conservation equation (T µν ;ν = 0) can be written and solved aṡ
which follows from (2) and (3). Recall that, for a perfect fluid with time-varying equation of state parameter w (a), the conservation equation gives that
which means that the particle creation rate Γ is related to the time-varying equation of state parameter w(a). Hence the same Γ provides different effective fluids, and consequently different gravitational effects, for the same γ. On the other hand the idea of the particle creation approach is to modify the effective equation of state parameter of the perfect fluid. For slow particle production, Γ ≪ 3H, eqn. (5) reduces toρ + 3H(p + ρ) = 0, and ρ ∝ a −3γ . This means that the standard evolution equation of the perfect fluid is recovered. However, Γ > 0 can allow the exponential particle production term to dominate the adiabatic decay term in (6) . So, clearly, the rate of particle production significantly affects the evolution equations. One may find that a nonvanishing creation rate, Γ, is similar dynamically to the effects of a bulk viscous pressure [44, [52] [53] [54] [55] [56] , although they differ from the thermodynamic view point [57] . The right-hand side of eqn. (5) is replaced by 9H 2 η in the presence of a bulk viscosity coefficient η, which is often chosen to be proportional to a power of ρ [44] .
An important question immediately follows from these observations as to what the possible forms of Γ should be. The particle creation process is motivated by the quantum field theory (QFT) in curved spacetime [58] , so in principle one can determine Γ using QFT in curved spacetime. Unfortunately, QFT cannot yet provide an exact functional form for Γ. Therefore, it is more convenient to make a general choice of the rate and examine its effects on the cosmological model. This will allow us to determine constraints on the rate of particle production from its testable effects on cosmological evolution. By combining any two independent field equations of (2), (3) and (5), we get the following single second-order nonlinear differential equation
whose solution tells us the evolution of a(t) once the creation rate, Γ(t), is specified. It is easy to see that the equation (7) always admits the power-law solution,
where (a 0 ) 2 = −k, which means that the signature of the spacetime is Lorentzian if k < 0. It is important to note that, for the solution a(t) = a 0 t in Eq. (8), we have ρ = 0, hence p = 0 and so from Eq. (4) we find that p c = 0. This means that we do not experience any effects of matter creation in the cosmological solutions. Let us introduce the total equation of state of the fluid, w tot ≡ P/ρ, where P = p + p c , with
This means that the total fluid can exhibit different scenarios depending on the particle creation rate Γ, as described in [16] . Specifically, when Γ ≪ 3H, w tot ≃ (−1 + γ) > −1, for γ > 0 ; when Γ ≫ 3H, w tot < −1 for γ > 0; and when Γ = 3H, w tot = −1, irrespective of the sign in γ. The interesting thing is that one can get a phantom dominated universe by the introduction of particle creation without invoking any phantom scalar field [59] .
DYNAMICAL POINT OF VIEW
There are various ways to study the evolution of the cosmological models. One of the main methods is the analysis of the critical points. This can provide us with information about the different phases in the evolution of the universe.
Let us introduce the new variable Ω = ρ 3H 2 , which corresponds to the Hubble-normalised energy density of the matter source. In these new variables the field equations (3), (5), can be written as:
while the constraint equation (2) becomes
Every critical (fixed) point P = (H (P ) , Ω (P )) of the dynamical system (10), (11) corresponds to a state in which the Hubble function is constant, i.e. H = H P , and consequently the solution of the scale factor is a (t) ≃ e HP t , with H P = 0. That means that the critical points of (10), (11) describe de Sitter solutions. In addition, the constraint equation (12) must be satisfied in order that these points exist. As mentioned in the introduction, in the following subsections we will concentrate on the cases with three representative particle-creation rates: fig.) and Ω k (right fig.) for the constant matter creation rate Γ0 and negative spatial curvature, k = −1. The lines are for γ = 1, i.e. dust fluid. Solid line is for Γ0 = 1, dash-dash line for Γ0 = 0.3, dash-dot line for Γ0 = 0.2 and dot-dot line for Γ0 = −0.1.
Constant creation rate: Γ = Γ0
In the early universe when H is very large, the quantity Γ 0 /3H becomes very small and we recover the standard evolutionary law for the case of a perfect fluid; but, at late times, a constant creation rate creates a significant deviation from the standard cosmological laws. However, note that the solution of the master equation (7) with k = 0, still predicts an initial big bang singularity [16] .
For a constant creation rate, and for γ ∈ (0, 2), we find that the system (10), (11) has the critical point P 0 = (H (P 0 ) , Ω (P 0 )) , with coordinates P 0 = The two creation rates Γ A (H) and Γ B (H) have been studied previously for the case of a spatially flat universe 1 , where it was found that exponential expansion can occur [18] [19] [20] . On the other hand, the matter creation rate Γ A (H) in a spatially flat universe creates accelerating cosmological solutions [65] in which the expansion approaches an asymptotic de Sitter stage. Furthermore, if the created particles are dark matter-like with Γ A ∝ 1/H, then in the flat FLRW universe we get a mirage of ΛCDM cosmology known as the creation-cold-dark-matter (CCDM) cosmology [10] . On the other hand, the second creation rate Γ B can be rewritten as Γ B = Γ 0 + Γ 1 (ρ/3), so the global behavior of the universe is driven by matter creation.
Therefore, for the creation rate Γ A (H) , we find that the field equations (10), (11) provide us with two de Sitter solutions, points P A + , and P A − with coordinates P
; while the constraint (12) gives 1 − 72k a H P A ± −2 = 0. This means that the points exist only for negative spatial curvature. With regard to the stability of the points, we find that P A − is always unstable for γ ∈ (0, 2), while point P A + is always stable for Γ 1 > 0. Furthermore, for the third creation rate in our study, namely Γ B (H), the field equations (10) and (11) again admit two critical points, P if and only if k is negative, because it is given by (12) . Finally, the point P B + is always unstable, and P B − describes an attractor when Γ 1 < 0. At the critical points we have Ω (P ) = . This is a very large value, and in 1 If we assume the time-varying matter creation rate to be Γ (H) =Γ (H) + Γ 1 H, then the linear term does not alter the dynamics, since for another value of γ, equation (7) will have that same form. disagreement with the cosmological observations for the post-inflationary epoch at late times. The de Sitter points that were found above describe the inflationary era, while the field equations (10), (11) will describe the evolution of the universe in the pre-inflationary era. However, in order for the universe to exit from the inflationary period, new terms in the particle creation rate must dominate the field equations in order for the de Sitter phase to end. Recall that the de Sitter points exist only for negative spatial curvature and that is in agreement with the cosmic scenario, without matter creation, where positive spatial curvature cannot support inflation [60] . In Figs. 1 and 2 , the evolution of Ω (t) and Ω k (t) are given for the constant creation rate, Γ 0 , and for Γ A (H), respectively. The plots are for the same initial conditions and Ω (t 0 ) = 0.2. We observe that there are two possible late-time evolutions: the de Sitter point that was derived above, or the solution in which Ω = 0 and Ω k = 1, which corresponds to the (k = −1) Milne universe. When we start with a cosmology different from that of the Milne universe, we observe that the solution a (t) = t, is an attractor (unstable) and the curvature can dominate in the pre-inflationary epoch.
Furthermore, in Fig. 3 , we present the evolution of Ω (t) and Ω k (t) for the constant creation rate for different initial conditions. Specifically, for the initial condition where the curvature dominates and we are close to the Milne universe (i.e. Ω = 0.01), this case has Ω = 0.3 and Ω = 0.6, which means that the ideal gas dominates over the curvature. In the three cases for positive creation rate, Γ 0 , the final state of the system is the de Sitter point.
The dynamical analysis provides us with important information about the evolution of the system, but to complete our study it is important to see what is happening to the evolution of the universe before it reaches the de Sitter points. We proceed to determine the analytical solutions for the master equation (7) for the three particle creation rates in our study and also we study the stability of the Milne solution. fig.) and Ω k (right fig.) 
CONSTANT CREATION RATE: Γ = Γ0
Equation (7) can be reduced to a first-order ordinary differential equation which follows from the autonomy of equation (7), that is, equivalent to the invariance of the theory under different lapse transformations of the form, dt → N (τ ) dτ. However, because of the nonlinearity of the theory we apply the method of singularity analysis to determine the analytic solutions.
Analytic solution
Let us apply the ARS algorithm [61] [62] [63] in order to see if equation (7) passes the singularity test and the solution can be written as a Laurent expansion. We change variables a (t) → (b (t)) −1 , so eq. (7) becomes
in whichk = −k. We see that now eq. (8) becomes b (t) = k − 1 2 t −1 . Assume that the latter has the dominant behavior around the movable singularity t = z − z 0 , in the complex plane. We assume a solution of the form b (t) = k − 1 2 t −1 + mt −1+s in eq. (13) and linearize it around m = 0, in order to determine the position of the resonances. We find that s = s 1 = −1, or s = s 2 = 2 − 3γ. The existence of the first resonance tells us that our analysis is correct and the movable singularity exists. The second resonance gives us the position of the second integration constant, where γ = 1. Recall that one integration constant is the position of the singularity z 0 . We see that for s 2 > 0, we have γ < , the solution will be given as a right Painlevé series, while for γ < 2 3 the solution is expressed in a left Painlevé series. However, in order to claim that Eq. (13) passes the singularity test, we need to check the consistency of the solution. To do that let us write the solution for some values of the barotropic parameter γ.
Assume that the perfect fluid is radiation-like, i.e. γ = 4 3 , then s 2 = −2, which gives that the Laurent expansion is a left Painlevé series; specifically
where, by substituting Eq. (14) into Eq. (13), we find that b 2 is an arbitrary parameter; that is, it is the second integration constant, while for the rest of the coefficients we have
Hence, Eq. (14) is given by the simple series form
,which is also a general solution for arbitrary γ.
We now assume the second case where γ = 1 2 , s 2 = 1 2 , which means that the Laurent expansion is given by the right Painlevé series
Hence, from equations (16) and (13), we find that the first coefficients arē
whereb 2 is again the second integration constant. Finally, we conclude that for γ = 1, and γ, a rational number, equation (7) passes the singularity test. The case γ = 1, is of special consideration since the two resonances are equal and s 1 = s 2 = −1. In the case of a radiation-like fluid, i.e. γ = In order to study the evolution of the universe we continue our analysis by studying the behaviour of equation (7) at the limits in which the scale factor is small or large.
Solutions at the limits
We discussed above that equation (7) can be written as a first-order ODE. To effect this we transform the time coordinate, dt = N (τ ) dτ , to obtain
where prime ' ′ ' denotes the derivative with respect to τ . We see that when N (t) = const, then t = N 0 τ . Recall also that in the new coordinates the Hubble function is
Without any loss of generality pick N (τ ) so that a (τ ) is a linear function, i.e. a (τ ) = τ . Hence, equation (19) becomes the first-order ODE with dependent variable N (a) ,
Mathematically it is possible to perform the reduction from a second-order to a first-order ODE because the original equation (7) is autonomous. But Eq. (20) is non-separable and its solution cannot be found by quadratures. Yet, we see that for 1 + kN 2 = 0, i.e. N = 1/ √ −k, we have the solution (8) . Furthermore, we can write the solution of eq. (20) in the limits a → 0 and a → ∞. This reveals the dominant term in the original system. Of course, eq. (7) can be written as a first-order ODE in terms of the Hubble function H (t); but the main difference is that we selected the independent variable to be the scale-factor factor a, which provides the evolution of the Hubble function H (a) = (aN (a)) −1 in terms of the various scales (or redshifts) of the universe. Since any differentiable non-constant function is locally monotonic, locally there exists an expression in terms of the "time parameter τ " or the proper time t, (for which N (t) = const.). Moreover, with that representation we transfer the problem from evolution in time to evolution with respect to the scale factor of the universe.
Hence, for very large scale factor, that is, when a → ∞, equation (20) takes the simple form
which gives
and solution
from which we can see that for k = −1, as a → ∞, it follows that N → 1, which satisfies the constraint eq. (2) and ρ = 0. Alternatively, to study the behavior in the very early universe, i.e. when a → 0, we perform the change of variable a → 1 T in equation (20) and find dN dT
Hence, as T → ∞, we find N is a constant but keeping the first correction gives
and for 3γ − 2 > 0 we find that
Stability of the solution a (t) ≃ t
In order to study the stability of the solution a (t) = t, for k = −1, when Γ = Γ 0 , we substitute a (t) = t + εA (t) in equation (7) and we linearize it around ε = 0. Under linearization equation (7) becomes
for which the closed form solution is an incomplete gamma function A (t) ≃ Γ in (3 − 2γ, −γΓ 0 t), so as t → ∞:
Therefore, lim t→+∞ A (t) → 0, when γΓ 0 < 0, which means that the solution a (t) = t, is stable for negative constant matter creation rate and unstable for positive constant matter creation rate.
For k = 1, in which the signature of the spacetime (1) is Euclidian, the stability of the solution a (t) ≃ t, depends on the matter creation rate Γ 0 as in the case of the hyperbolic three-dimensional spacetime. This is an expected result since for negative matter creation rate, at the end, the universe will be dominated only by the curvature term i.e. without any extra matter source.
The qualitative evolution of the deceleration parameter 2 , q (a) , for the constant matter creation rate is given in Fig. 4 for γ = 1, k = −1, and for various values of Γ 0 . For Γ 0 > 0, the total fluid has the deceleration parameter q (a) = −1, while for Γ 0 < 0 the universe is dominated by the curvature term as expected, and q = 0, which corresponds to w tot = −1/3. This is in agreement with the results of Section 3 where we found that, for Γ 0 > 0, the universe reaches the de Sitter point. 2 Recall we have that q (t) = 
CREATION RATE: Γ ∝ 1/H AND Γ ∝ H 2
We continue our analysis by considering that the particle creation rate is time varying and of the form
Analytic Solution
As in the case of constant matter creation rate in order to study the existence of analytical solutions we apply the ARS algorithm. We omit the details and we say that for the model Γ B (H) the second-order differential equation (7) fails to pass the singularity test. However for Γ A the ARS algorithm succeed and gives that the resonances, the position of the integration constant, are s 1 = −1 , s 2 = 2 − 3γ, where again the dominant behaviour is a −1 = b (t) = k 1 2 t −1 . In order to compare the results with before we consider γ = 1 2 , in which the solution is expressed in terms of the Painlevé series (16) , where againb 2 is the second integration constant, while the first coefficients becomē
from where we can see that first coefficients of the Laurent expansion are similar to that for Γ (H) = Γ 0 , which means that close to the singularity, the Γ 0 term dominates the matter creation rate. We continue with the study of the solution at the limits.
Solutions at the limits

Creation rate ΓA
As in the case of constant creation rate we consider the transformation dt = N (τ ) dτ and the master equation (7) where, without any loss of generality, we select a = τ , so the master equation (7) becomes
As before in the limit a → ∞ for nonzero Γ 1 we have, for for nonzero N ,
where the solution of the latter equation is
On the other hand, in the limit a → 0, equation (31) reduces to that of expression in eq. (25) . That result tell us that in the early universe, when a → 0, only the constant term in the particle creation rate Γ A affects the field equations. That was observed and before from the singularity analysis
Creation rate ΓB
For the second creation rate Γ B , in the lapse time dt = N (τ ) dt, where a = τ , the master equation becomes
In the limit τ → ∞, which means a → ∞, it follows from eq. (35) that the dominant term is that of the constant creation rate, Γ 0 , while if Γ 0 = 0, we have N ′ ≃ 0, hence N ≃ N 0 . The latter means that Γ 1 N a → 0, and for large scale factor values the matter creation rate does not contribute to the dynamics of the universe. Furthermore, from condition (2) we find that ρ → 0, because aN → ∞.
In the limit of the early universe, that is, a → 0 again we define the new variable a → T −1 , where now equation (35) in the limit T → ∞, becomes
For very large values of T and for k = −1, we find that N (T ) = 1. Hence, the solution is that of the vacuum, i.e. a (t) = t. We now consider the stability of that special solution.
Stability of the solution a (t) ≃ t
In order to study the stability of the solution a (t) = t, we substitute a (t) = t + εA (t) in Eq. (7) and we linearize it around ε = 0. For k = −1, the linearized equation for Γ A becomes
so, In the limit Γ 0 → 0, A (t) is given by an incomplete gamma function from which we find that the solution a (t) = t is stable when Γ 1 < 0. However, for Γ 0 = 0, from eq. (39) as t → 0, we see A (t) is approximated by the exponential function, A (t) ≃ exp Γ 1 t 2 , which means that the solution a (t) = t, is again stable when Γ 1 < 0. We note that the same results hold for k = 1.
Previously, we found that a negative matter creation rate indicates that the universe is dominated by the curvature term. However, here we have to mention that for Γ 0 > 0 and Γ 1 < 0, it is possible to have periods in which the total matter creation rate is positive. But regarding the stability of the linear solution a (t) = t, at large times this solution will be stable when Γ 1 < 0.
In Fig. 5 we present the qualitative behavior of the deceleration parameter q (a) for the matter creation rate Γ (H) = Γ 0 + Γ1 H . We observe that for Γ 1 > 0 the total fluid has q (a) = −1, while for Γ 1 < 0 the universe is dominated by the curvature term as follows from the stability analysis. The plots in Fig. 5 are made for a dust-like fluid.
On the other hand as far as concerns the stability of the vacuum solution a (t) = t for the varying creation rate Γ B we find that the perturbative term around a (t) = t, for k = −1, is given to be
In the limit where Γ 0 = 0, and for t → ∞ as we have that solution a (t) = t, is stable for Γ 0 < 0 and unstable for Γ 0 > 0. However, in the limit Γ 0 = 0, A (t) is expressed in terms of the Whittaker function and the solution a (t) = t is stable when Γ 1 > 0 and unstable when Γ 1 < 0.
TIME-VARYING CREATION RATE Γ (H)
We now consider a more general function Γ (H), and the transformation dt = N (τ ) dτ , in equation (7). Without any loss of generality, we again select a (τ ) = τ , to give the first-order ODE
Let us study this equation in the limits a → ∞ and a → 0.
Limit a → ∞
As a → ∞, from eq. (42) we have
Therefore, we have now to consider special cases for Γ. If when a → ∞, Γ (H) is a decreasing function of H, then N ′ ≃ 0, i.e. N = N 0 . However, if Γ (H) is an increasing function in H and we assume that Γ is separable, with Γ = Φ (a) Ψ (N ) , where Φ, Ψ are any continuous functions in their corresponding variables, then we find
In the special case of Γ (H) = H −α , with α > 0 , we have that Γ (H) = a α N α ; then, solving Eq. (44), one has
where
is the Lerch transcendent function given by
which shows N 2 → 1 when a → ∞ and k = −1, and hence ρ → 0.
Limit a → 0
On the other limit, as a → 0, if Γ (H) is a decreasing function in H, then the function Γ (H) does not contribute in Eq. (42) and it reduces to Eq. (26) . Therefore, decreasing terms in H should exist.
Consider the transformation a → T −1 , then equation (42) becomes
Consider that Γ
and again, if Γ
, is a separable function, we find
Consider the time-varying matter creation rate
As a → ∞, the creation rate is dominated by the 1 H function, which we studied above. However, in the early universe we have Ψ (N ) = N −2 and Θ (T ) = T 2 . This is exactly the case studied above in section 5.
The qualitative behaviour of q (a) for Γ C (H) is given in fig. 6 for very small values of the constant Γ 2 , for both Γ 1 > 0 and Γ 1 < 0. From the figures we observe that the H 2 term is significant only at the very early universe, while the behaviour of the total fluid at late times is independent of the term Γ 2 . However, while the plots are shown for a dust-like fluid, the term H 2 introduces a radiation-like fluid which dominates the very early universe. where c 1 and C are constants. From Eq. (51) we can easily find the scale factor in the closed form
which is only one particular solution of the problem where c 2 is another constant. An immediate observation from the above solution of the scale factor shows that it may encounter with a finite time singularity. For c 2 = 0, one finds that the singularity occurs at t = t f = ln − 3 c1 ρ1,0
, therefore for c 1 < 0, t f becomes real and the above solution for the scale factor admits a finite time singularity. Also for t → ∞, a → ∞, that means in future evolution no finite time singularity is observed. In the same way, except the constant creation rate other models can be examined. However, the analysis of these models exceeds the purpose of this work and we end it here.
CONCLUSIONS
The theory of gravitational particle production has been the main subject of this paper in situations where there is a non-zero spatial curvature of a homogeneous and isotropic universe. It is important to mention that the late-time observations favour spatial curvature of the universe that is very close to zero [25, 26] and this is one of the natural consequences of simple inflationary scenarios. However, the appearance of non-zero spatial curvature does not rule out the inflationary universe. It is possible to have inflationary cosmologies in noticeably closed universes today [32, 39] as well as with noticeably open universes today [33] [34] [35] [36] [37] [38] . Now in such non-zero spatial curvature scenarios we gave the gravitational field equations and reduced them to a non-autonomous second-order differential equation. In order to prove the existence of solutions, we used the method of singularity analysis. In particular, we searched for movable singularities for the matter creation rate functions (a)
We showed that for functions (a) and (b) the differential equations can pass the singularity test and the analytical solution can be expressed in terms of Laurent series expansions. The latter is not true for the creation rate (c).
A special exact solution exists with a linear scale factor a (t) = t, which corresponds to the Milne solution of vacuum spacetime with negative spatial curvature. We studied the stability of this solution and found that for Γ 0 < 0 in model (a), and Γ 1 < 0 in model (b), the linear scale factor is a stable solution to the future. For the model (c), the linear solution is stable for Γ 0 < 0. That was also demonstrated by the study of the qualitative behaviour for the total equation of state parameters. We found that when Γ 0 > 0 and Γ 1 > 0 in the two models (a) and (b), respectively, the total fluid acts as a cosmological constant, while in case (c), the total fluid has an equation of state parameter like a spatial curvature, with w tot = −1/3.
In addition, we studied the critical points of the system (2), (3), (5) for the particle creation rates Γ (H) = Γ 0 , Γ (H) = Γ A and Γ (H) = Γ B . Every critical point corresponds to a de Sitter phase but we found that the critical points satisfy the constraint equation (2) only when the spatial curvature is negative. The de Sitter point of constant matter-creation rate is an attractor for Γ 0 > 0, while the other two points always give an unstable de Sitter point and an attractive de Sitter point when the constant Γ 1 is positive for Γ A , or negative for Γ B , respectively. However, the analysis of the critical points does not provide us with information about the behaviour of the solutions when they are not exactly described by the de Sitter universe.
Furthermore, the qualitative evolution of the cosmological model for a general time-varying matter-creation function was studied. We found the conditions under which the universe is dominated by the curvature term or by the matter creation term. An efficient method to study the evolution of the universe is the analysis of the critical points of the master equation. This reveals the points which correspond to different phases in the evolution of the universe. At these points, the solution of the scale factor is a power-law, or an exponential function of t. In the latter case the fixed point describes the de Sitter universe. This means that we do not know the analytic expression far from the fixed points, except in the first approximation. In our analysis we proved the existence of actual solutions to the master equation and then we found the approximate solutions at the limits.
A striking feature we found is that for non-zero spatial curvature in such a formalism the Milne solution a(t) ∝ t, always exists for any particle creation rate, Γ; this is not true if particle creation is considered in the zero-curvature FLRW universe. This is the main difference between the flat and curved FLRW universes when particle creation is included. These differences illustrate a feature of FLRW cosmologies with non-linear equations of state linking the pressure and the density: although the spatial curvature may be negligible in the universe today it is not necessarily ineligible at very early times when a non-linear coupling between p, ρ, and H will arise. For the case with particle creation rate Γ (H) = Γ 0 , we show that the Milne universe is a stable solution for Γ 0 < 0, and unstable for Γ 0 > 0. However, at the de Sitter points, the density of the curvature term is Ω k = 1 2 which is equal to that of matter source, i.e. Ω k = Ω. This means that this accelerated phase should correspond to the inflation era. It is important to mention that if the de Sitter attractor is a stable point then the universe will be unable to escape from the inflationary phase unless the new particle creation rate dominates the field equations and changes the stability of the de Sitter attractor; while at the same time the energy density of the matter source should dominate the post-inflationary phase in order for Ω k to be small as is required by the recent astronomical data. Lastly, the stability conditions for the Milne universe were determined for all other creation rates, namely Γ A and Γ B .
Finally, we showed how in the case of a spatially-flat FLRW universe the presence of a second perfect fluid with an appropriate equation of state can reproduce the effects of curvature. Some special solutions have been given while the complete analysis of these models is the subject of a forthcoming work.
